
SA402 Fall 2022 Final Exam List of Useful Formulas

Poisson arrival processes

• Gn ∼ Exponential random variable with parameter λ:

FGn(a) =
⎧⎪⎪⎨⎪⎪⎩

1 − e−λa if a ≥ 0
0 if a < 0

E[Gn] =
1
λ

• Tn ∼ Erlang random variable with parameter λ and n phases:

FTn(a) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

1 −
n−1
∑
j=0

e−λa(λa) j

j!
if a ≥ 0

0 if a < 0
E[Tn] =

n
λ

• Yt ∼ Poisson random variable with parameter λt:

pYt(n) =
e−λt(λt)n

n!
for n = 0, 1, 2, . . . E[Yt] = λt

Markov chains

• n-step transition probabilities: P(n) = Pn

• n-step state probabilities: p(n)⊺ = p⊺Pn

• First-passage probabilities, starting inA and ending in B in the nth step: F(n)AB = Pn−1
AAPAB

• Steady-state probabilities for irreducible setR:

π⊺RPRR = π⊺R
π⊺R1 = 1

• Absorption probabilities for transient states T and absorbing stateR = { j}: αT R = (I − PT T )−1PT R

Markov processes

• Steady-state probabilities:
π⊺G = 0
π⊺1 = 1
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Birth-death processes

• Steady-state probabilities:

d0 = 1 d j =
λ0λ1⋯ λ j−1

µ1µ2⋯ µ j
for j = 1, 2, . . . D =

∞
∑
i=0
di π j =

d j

D
for j = 0, 1, 2, . . .

• Expected number of customers in the system: ℓ =
∞
∑
n=0

nπn

• Expected number of customers in the queue, s parallel servers: ℓq =
∞
∑

n=s+1
(n − s)πn

• Eòective arrival rate: λeò =
∞
∑
i=0

λiπi

• Little’s law (system-wide): ℓ = λeòw

• Little’s law (queue only): ℓq = λeòwq

Standard queueing models

M/M/∞:

• Steady-state probabilities: π j = Pr{L = j} where L is a Poisson random variable with parameter λ/µ

M/M/s:

• Steady-state probabilities:

ρ = λ
sµ

π0 =
⎡⎢⎢⎢⎢⎣
(

s
∑
j=0

(sρ) j

j!
) + ssρs+1

s!(1 − ρ)

⎤⎥⎥⎥⎥⎦

−1

π j =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

(λ/µ) j

j!
π0 for j = 1, 2, . . . , s

(λ/µ) j

s!s j−s
π0 for j = s + 1, s + 2, . . .

• Expected number of customers in queue: ℓq =
πsρ

(1 − ρ)2

• Expected number of customers in the system: ℓ = ℓq +
λ
µ

G/G/s:

• Whitt’s approximation:

G = generic interarrival time random variable with rate λ = 1
E[G]

X = generic service time random variable with rate µ = 1
E[X]

εa =
Var[G]
E[G]2

εs =
Var[X]
E[X]2

ŵq ≈
εa + εs

2
wq
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